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ON MULTILINEAR FRACTIONAL STRONG MAXIMAL 
OPERATOR ASSOCIATED WITH RECTANGLES AND MULTIPLE 

WEIGHTS 


MINGMING GAO, QINGYING XUE, AND KOZO YABUTA 


Abstract. In this paper, the multilinear fractional strong maximal operator 
associated with rectangles and corresponding multiple weights are intro¬ 

duced. Under the dyadic reverse doubling condition, a necessary and sufficient 
condition for two-weight inequalities is given. As consequences, we first obtain a 
necessary and sufficient condition for one-weight inequalities. Then, we give a new 
proof for the weighted estimates of multilinear fractional maximal operator as¬ 
sociated with cubes and multilinear fractional integral operator , which is quite 
different and simple from the proof known before. 


1. Introduction 


The multilinear Calderon-Zygmund theory was originated in the works of Coifman 
and Meyer on the Calderon-Zygmund commutator a. 0 in the 70s. Later on, it 
systematically was studied by Grafakos and Torres in [TT], [12]. In recent years, the 
theory on multilinear Calderon-Zygmund operators and related operators, such as 
multilinear singular integral, maximal, strong maximal and fractional maximal type 
operators, fractional integrals, have attracted much attentions as a rapid developing 
field in harmonic analysis. [TO] . m, 0, la, HI are some important papers on 
multilinear operators. 

In 2009, the following multiple weights class was first introduced and stydied 
by Chen and Xue in [5], and also simultaneously dehned and studied by Moen in [2U] . 

Definition 1.1. ([3] or HI) Let 1 < pi, • • • < cx), i = ^ H - h and g > 0. 

Suppose that cu = (cui, • • • , ojm) and each cuj (z = 1, • • • , m) is a nonnegative function 
on R”. We say that u E A(^p,q), if it satisfies 
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where the supremum is taken over all cubes Q with sides parallel to the coordinate 
axes, and Pi ~ understood as (infgcjj)”^. 

Based on a characterization of multiple weights, [3] and [20] established some 
weighted estimates for the operators in the following dehnition. 


Definition 1.2. ([3] or [20]) Given / = (/i, • • • , fm), suppose each fi {i = 1, ■ ■ ■ ,m) 
is locally integrable on R"'. Then for any x G R”, we dehne the multilinear fractional 
type maximal operator and the multilinear fractional integral operator Xq, by 


m 1 „ 

(1.1) Maif)ix) = supYl——^ \fiiyi)\dyi, 

\Q\ Jq 

UT=i - y’^ 


for 0 < a < mn 


and 

( 1 . 2 ) 




— dy, for 0 < a < mn, 


O’" • • • ,1/m) I 

where the supremum in fll.ip is taken over all cubes Q containing x in R"' with the 
sides parallel to the axes and dy = dyi ■ ■ ■ dym, |(|/i, • • • ,|/m)| = \yi\ H-h \ym\- 


We summarize some results of and X„ as follows. 

Theorem A ([20]) Let 0 < a < mn, 1 < pi, - ■ ■ ,pm < oo, ^ = ^ + “' + ^ 
q ~ p ~ n' Then cJ G if and only if either of the following two inequalities 


holds. 

m 

(1.3) 

||A4.(/)||„,„^.,<cni|/. 

i=l 

m 

(1.4) 

iii<,(/)ii„,„^.,<cnii/.ii 

i=l 


Theorem B ([3] or HI) Let 0 < a < mn, 1 < pi, • • • < oo, ^ ^ H-h ^ 

and “ = “ — f • Then for cJ G there is a constant G > 0 independent of / such 
that 

m 

i=l 

m 

i=l 

It is well known that the geometry of rectangles in R” is more intricate than 
that of cubes in R”, even when both classes of sets are restricted to have sides 
parallel to the axes. This makes the investigation of the strong maximal function 
pretty much complex, but of course, quite interesting. In 1935, a maximal theorem 
was given by Jessen, Marcinkiewicz and Zygmund in [13]. They pointed the strong 
maximal function is not of weak type (1,1), which is different from the classical 
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Hardy-Littlewood maximal operator. Later, in 1975, the maximal theorem was again 
proved by Cordoba and Fefferman applying an alternative geometric method in [B]. 
Delicate properties of rectangles in were also quantihed. The heart of the work of 
Cordoba and Fefferman is a selection theorem for families of rectangles in M"'. Their 
covering lemma is quite useful to study the strong maximal function, such as n. 0. 

US], ng, na. 

Recently, Grafakos, Liu, Perez and Torres [10] introduced the multilinear strong 
maximal function Ai-jihy setting 

m 1 

MTzf{x) = supT[— / \fi{yi)\dyi, 

fjT -R Jji 

Ren 

where / = (/i, • • • , fm) is an m-dimensional vector of locally integrable functions and 
TZ denotes the family of all rectangles in M” with sides parallel to the axes. Moreover, 
they gave the dehnition of the corresponding multiple weights associated with 
77, where cJ = (cji, • • • , Um) G if and only if 


where Vcs = For one-weight case cJ, the weak and strong type bound¬ 

edness of the multilinear strong maximal operators were obtained. For two-weight 
case (cJ, i^), the weak boundedness was established whenever (cJ, satisfy a certain 
power bump variant of the multilinear Ap condition. Moreover, a sharp endpoint 
distributional unweighted estimate for the multilinear strong maximal operator was 
given. 

Theorem C (HOj) Let p = (pi, • • • ,Pm) with 1 < Pi,P2, ■ ■ ■ ,Pm < oo, ^ + 

• ■ ■ — and let u be an m-tuple of weights. Then u G A^ti if and only if one of the 

Pm F'? 

following two inequalities holds: 

m 

(1-7) ii>'K(/)ii„,„(„,i<cnii/iii„.,„.,i 

i=l 

m 

(1-8) ii>'u/)ii„,„,,<cnii/iii„,„,- 

i=l 

Motivated by the works in [3], [10], [20], [15], we hrst dehne the multilinear frac¬ 
tional strong maximal operators and a class of multiple fractional type weights 

A(p^q),Ti associated with 77, which is the family of all rectangles in M”' with sides par¬ 
allel to the coordinate axes. Next we establish some weighted theory for multilinear 
fractional strong maximal operators. More precisely, not only one-weight inequalities 
but also two-weight inequalities are obtained. It’s worth noting that all arguments 
for AA.'jz,a are appropriate to multilinear fractional maximal operator as well. We 
will employ a different method to show the above strong type inequalities in Theorem 
A, compared with the method used by Moen in [20] . 


sup 

Ren 


1 

1^ 


I uadxj 


1 

]R\ 


P 

i-p' , \ ^ 

00, dx \ < 


>R 


OO, 
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The article is organized as follows. Definitions and main results will be listed 
in Section 2. The proof of the two-weight theorems are given in Section 3. In 
Section 4, hrst, a characterization of can be found. Secondly, the relationship 

between the weights and the dyadic reverse doubling condition are given in 

Proposition 14.21 Third, the proof of the one-weight theorems are presented. Finally, 
in Section 5, an alternate simple proof of one-weight estimate of multilinear fractional 
maximal operator is presented. 


2. Definitions and main results 


Definition 2.1 (Mnltilinear fractional strong mcLximal operator). For 0 < 

a < mn, and / = (/i, • • • , fm) G x • • • x Ljocy dehne the multilinear fractional 
strong maximal operator by 

m 1 

Mn,af{x) = supTT——^ / \fi{yi)\dyi, x 

Jr 

where the supremum is taken over all rectangles R containing x with sides parallel 
to the coordinate axes. 

Similarly, we can dehne the dyadic version multilinear fractional strong maximal 
operator 


Definition 2.2 (Class of Letl < pi, • • • ,Pm< oo, ^ ^ H - h and 

g > 0. Suppose that u = (cui, • • • , ojm) and each cuj (i = 1, • • • , m) is a nonnegative 
function on M”. We say that u satishes the condition or a; e if it 

satishes 



1 ^ / 

where If Pi = 1, (-^ understood as (inf/jcjj)”^. We also 

denote by the dyadic analog. 


Throughout the article, we denote by RTZ the family of all dyadic rectangles in M” 
with sides parallel to the axes. 


Definition 2.3 (Dyadic reverse donbling condition). We say a nonnegative 
measurable function u satishes the dyadic reverse doubling condition, or cn G RD^^\ 
if u is locally integrable on M” and there is a constant d > 1 such that 


d J u{x)dx < J u{x)dx 
for any I, J E VTZ, where J C J and |/| = ^\J\. 


Remark 2.1. The dehnition, dyadic reverse doubling condition or reverse doubling 
condition associated with cubes, can be found in i. 1151. IZ51. In |8], it was in¬ 
troduced to investigate the boundedness of the dyadic fractional maximal function. 
Moreover, in Proposition 14.21 we shall see this condition is very weak. 
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Here we formulate the main results of this paper as follows. 

Theorem 2.1 (Two-weighted estimates for M.n,a)- Let 0 < a < mn, ^ = 

— + ••• + — with 1 < pi, ■ ■ ■ ,Pm < oo, and 0 < p < q < oo. Assume that v is 

an arbitrary weight and for i = 1,... ,m, oo- * satisfies the dyadic reverse doubling 
condition. Then (cu, p) are weights that satisfy 

,2.1) = 

if and only if either of the following two inequalities holds: 

m 

(2-2) l|A1>l.4/)ll„,„(„,<Cni|/.lL..Mi 

i=l 

m 

(2-3) ll>'K,«(/)||„,„,<Cnil/-llL«M' 

i=l 

Similar results hold for and corresponding dyadic version of two-weight con¬ 

dition fl2.ip . 

Theorem 2.2 (One-weighted estimates for M.Ti,a)- Let 0 < a < mn, ^ = 

^ ^ with 1 < pi, ■ ■ ■ ,pm < oo, and p < q < oo satisfying ^ ^ f ■ Then 

u G if and only if either of the following two inequalities holds: 

m 

(2-4) \\-M.Tl^a{f)\\];^q,oc,(^,^^q'j ^ l l 11 LW ) ’ 

i=l 

m 

(2-5) 

i=l 

Similar results hold for AA^^a ^(pq) n- 

3. Proof of Theorem 2.1 
To prove Theorem 12.11 we need the following lemmas. 

Lemma 3.1 (|25]). Let n be a positive integer, 1 < p < q < oo, and 0 < 6 < 2". Let 
D = {{FJ,uy,F>0,u>0,0<f< fLpuLp'}. 


Then there is a positive constant C such that 



for all {F, f, u), {Fi, fi, Ui) E D,i = 1, ■■ ■ , 2^, such that 
-/ = ^(/l H-1-/2"), 


^ ~ - ^ 2 ^) 
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and Vi < hv, z = 1, • • • , 2". 

Remark 3.1. When 1 < < oc and p > q, the above ineqnality fl3.ip doesn’t 

hold. In fact, when n = 1, we only need to take Fi = fi = Vi = 1, i = 1, 2. 

In order to establish two-weight estimates for mnltilinear fractional strong maximal 
operator we need the next Carleson embedding theorem regarding dyadic rectangles, 
which is crncial to the proof of main resnlts. 

Lemma 3.2 (Carleson Embedding Theorem Regarding Dyadic Rectangles). Let 1 < 
p < q < oo, u be a nonnegative locally integrable function on ML. Assume that u:^~^ 
satisfies the dyadic reverse doubling condition. Then the inequality 


E 

levn 


UJ 


^-P'dx 


-q/p' 


f{x)dx ) < C 


\ q/p 

ffxYojdx \ 


holds for all nonnegative f G 

Proof of Lemma 3.2. 

Proof. The proof of this conclnsion is a rontine application of the method of Theorem 
1.1 [25]. However, we here present the proof for the sake of completeness. 

For a given / G VTZ, it snffices to show 


(3,2) 


E 

.Jci 

Jevn 


u^-P'dx 


-q/p' 


l>/| 


\q / r \q/p 

f{x)dx] < C ij f{xYudx\ 


for all nonnegative locally integrable fnnctions /, where C* is a constant which does 
not depend on J. 

Let D be the domain in Lemma [3.11 For (F, /, v) G D, we set 

yp \ q/p 


B{FJ,v) = -[F- 


2vpIp' 


where c is the constant in Lemma 13.11 Let / be a nonnegative measurable function 
such that 


f{xYojdx < oo. 


Denote 


and 


Fa = 


1^1 


f{xYujdx, fA = 


1^1 


f{x)dx 


va = 


1^1 


uj{xY ^'dx, 


for a measurable set H in J such that |H| Y 0- Then, by Holder’s inequality, we have 


1 

That is to say 


f{x)dx < 


If \ 1 

— J f{xYujdxj 


u 


-p 


•'^Pdxj 


\ 1/p' 


0 < // < Fj^^v^/P'. 
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Then we get {Fj, fj, vj) G D. Let Ji, • • • , l 2 ^ be dyadic rectangles which are obtained 
by dividing I into 2" equal parts. Then we have 


i = l, 


,n 


-^7 - —(-^/i H-//- — (//i H- ^ 

Moreover, by the dyadic reverse doubling condition for we can get < huj, 

i = 1, - ■ ■ ,n, where b = 2'^/d < 2”'. Hence, according to Lemma [3.11 we have 

2^n 

B(F,, /„ i',) > ^ ^ 5: B(F,„ f,„ 


2 = 1 


and hence, we obtain the inequality 


W/oBiF,, /,, (/,) > ff + W'-BiF,,, /,„ I/,,). 

1 

Using the same technique for Jj, i = 1, • • • , n, we can get 

\I\'’/’’B(F,,f,,v,)> Y, + E \J\'''’’B(FjJj,k,) 


j(zi,JeVTZ 

|J|> 2 -’^'=|/| 


|J|=2-'"(''+l)|/| 


> 


E ww'”'n = E (/ 

T fc-ni? Ji-T rc-n-T? V"'.! 


oo^-P'dx 


Jci,JeT>Ti 
|J|> 2 -’^'=|/| 

Letting k approach oo, we have 

-qIp' 


JCI,J£VR 

|J|> 2 -"'=|/| 


-q/p' 


f{x)dx 


E 

Jdi 

j&vn 


UJ 


^-P'dx 


f{x)dx] <\I\FPBiFjJj,uj) 


= (fj - < C\l\FPFp = C (^JjixyudxY". 


□ 


Before proving Theorem 12.11 we also need the following key lemma, which connects 
the maximal operator with the corresponding dyadic version maximal operator. 

Lemma 3.3. Let x,t E M", 0 < a < mn. For any f > 0, k > 0, we define the 
following truncated dyadic version strong maximal operator, 


■= sup 

every side length of R<2^ 


n 


Tl 


1 — 


fi{yi)dyi. 


'R 
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Then we have, 



where Bk = [-2^=+^ 2^+^]^, Ttg{x) = g{x - t), nf = {nfi, • • • , nfm)- 


We notice that this inequality, for Hardy-Littlewood maximal operators, was es¬ 
tablished by Fefferman and Stein (see [TJ p. 431]). For fractional maximal operators, 
it is due to Saywer (see [23], [22]). 

Proof. Our method is similar to [T6] . 

First we shall need the following observation (see [H p. 431]). Let j be an integer 
and I be an interval satisfying < 2L Suppose that k E "L, j < k. Denote the 

set 


E \= {t E (—2^ 2^ ^); 3J such that \ J\ = I C J, J + t dyadic }. 

Then, \E\ > 2^+^. 

For given / > 0 and x = (xi, • • • , x„) G M"", we take interval Ij 3 Xj, \Ij\ < 
all j = 1, • • • , n, such that 



where the rectangle i? = Ji x ■ ■ • x J„. Now, for each j = 1, • • • , n, we take integers 
Uj such that < \Ij\ < 2'^P It is obvious that Uj < k. In addition, let us denote 

the sets Ej by the following way: 


Ej := {t G (—2^ ^,2^ ‘^);there exists J) such that |/)| = 2^^^,Ij C L',/' +t dyadic} 


for each j. Denote E = Ei x ■ ■ ■ x E^,. Then for each t = {ti, ■ ■ ■ ,tn) E E, there 
exist intervals such that Ij C 1} and Jj -|- tj dyadic, i = !,■■■ ,n. Let 

i?” = (/( -|- ti) X • • • X (If -|- tn). Therefore R C R" — t and R” is a dyadic rectangle. 
It follows that 
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where for any rectangle i? = Ji x • • • x J„, we denote R — t = (Ji —ti) x • • • x (J„ — 
Notice that E (Z and \E\ > ^\Bk\. Hence, 

^ 'T-t ° ° n{f){x)dt 

^ 2^ X ^ [ T_t o o ft{f)ix)dt. 

I-Dfcl 

The lemma has been proved. □ 

Proof of Theorem 2.1. 


Proof. In fact, we only need to prove fl2.3p ^ (12.21) ^ (12.ip ^ (12.3p . 

It is obvious that (12.3p ^ (12.2p . 

(I). First of all, we will prove (IT^ implies (1^ . 

We can assume that / > 0, for hxed rectangle R, 


n 



fi{yi)dyi > 0. 


'R 


For X e i?, we have 


n IDii-^ / Myi)dyi < MnAfiXR,■■■, fmXR){x)- 


Therefore, for any 


m 1 

0 < A < n I Dii-x^ / fiiyi)dyi, 

\B\ rnn 


we have R Z {x E M”; MtiAIiXr, • • • , fmXR){x) > A}. 
Hence, by (12. 2 p we get 


v{R) < i,{{x e E"; MiJf IXR, • • ■ , Axr) W > A}) < ( ^ n F- 
Letting 

m 1 /. 

^ ^ n iDii-^ / 

\^\ ™ JR 


i=l 




we obtain 


IIL p Hi 

sup|i?r/"-"*z/(^)in / Ayi)dy^<c\[\\h\ 

R&n Jr 

l-pf 

Taking fi = % we get 


LPi (cJi)' 


sup TT / u- ^“dx<CTT ( / u- ^'^dx 

RGTe Jr \Jr 


A \ Pi 


Therefore, (cJ, i^) satishes condition (12. ip . 
(H). Next, let us prove (12.ip implies (12.3p . 
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• Estimate for We first prove the boundedness for the dyadic version, 




n 


sup , , , , 
R&vn 


1- 


/ \fi{yi)\dyi, x e M" 


'R 


Without loss of generality, we can assume that / > 0 , bounded and has a compact 
support. Therefore Al^a(/)(a;) < oo for all x G M”. According to the dehnition of 
Mi, a{f){x), for any x G M"', there exists a dyadic rectangle R such that x E R and 

(3-3) Mi,^{f){x)<2W—^^^ j f,{yi)dyi. 

ZR \R\ ™ Jr 

For any dyadic rectangle R, dehne the set E{R) by 

E{R) := {x G M”; x E R and R is minimal for which fl3.3p holds}. 


From the dehnition of maximal operator and the latter inequality it is obvious that 


U 


R&vn 


Since (cJ, v) satishes the condition fl2.ip . it follows that 


MT^,^{f)ix)] udx 


- / {Mi,aif){x)) lydx 

ReVTZ JRiR) 


< 

rsj 




R&vn \i=l 


fi{yi)dy, 




< 5: n 

R£V-Ri=l 


fiiyddy, 


Q 
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By Holder’s inequality Xljli YYiLi l®ul ^ and Lemma [321 we 

further deduce that 


{-<}Pi)/iPiP) / r \<ipi/p-\p/pi 

fi{yi)dyi) 




m 

i=i ^ R&vn 

m 

!<? 


u] 


’R 


'R 




< 


nil/. 


UITWK)- 


i=l 


• Estimate for From Lemma [3.31 and generalized Minkowski’s inequality, it 

follows that 

1 ,, 




< 


1 


' Bu 


T_t o o Tt(f)dtll 


Liiu) 


< 


< 


B 


k\ JBk 


\T_t O O Tt{f)\ 


Li{u) 


dt 


\B 


k\ J Bk 




Since {oj, u) satishes the condition fl2.ip . we can further verify also satishes 

the condition fl2.ll) independently of t. Therefore, from fl2.3l) we deduce that 




L<i{u) ~ ID 


iBi. 


« m 

Uhfi 

d Bk 

« m m 

n ^ n ii'^' 

i=i i=i 


iLPi (nuji) 


dt 


iLPi (cJi)' 


Finally, letting k tend to inhnity, we hnish the proof. 


□ 


4. Proof of Theorem 2.2 

To complete the proof of Theorem 12.21 we need the following characterizations of 
A{p,q),n class and the the connection between the weights and the dyadic reverse 
doubling condition. 

Proposition 4.1 (Characterization of class ). Let 0 < a < mn, 1 < 

Pi, • • • ,Pm < OO, 1 = -f ^ g = p “ n- ^uppose u G then 


(a) ^ -d-r,7^ C 

(b) cjj e 

(c) e Ar^,n, if^<im-2) + A + j-, for any I < ij < m, 
where r = 1 + q{m — i) and = 1 + ^ [1 + (^ ~ 1)q' ~ p + ^] ■ 
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Proof. By examining the proof of Theorem 2.2 in [3], we shall hnd the arguments 
used in [3] rely only on the use of Holder’s inequality, and it doesn’t involve any 
geometric property of cubes or rectangles. Hence we can also adopt the method in 
[5] to complete our proof. Since the main ideas are almost the same, we omit the 
proof here. □ 

Proposition 4.2. Let 1 < p < oo, u is a nonnegative weight. Then we have 


(i) C At,n C flCM; 

(ii) if OJ E then G RD^^\ 

Proof of Theorem 2.2 


Proof. From Proposition 14.11 (b) and Proposition 14.21 (i), we can get the fact, if cJ G 
^(p,q),ni then (i = 1, • • • ,m) satishes the dyadic reverse doubling condition. 

Now, by means of the above arguments and using cuf*, substitute cuj, v respec¬ 
tively in Theorem 12.11 we can conclude the results of Theorem 12.21 □ 

We next turn to the proof of Proposition 14.21 
Proof of Proposition 4.2 


Proof. According to the dehnition of these weights, it is easy to see the inclusion 
Aoo,n C Now let us prove (ii). 

Let I be any dyadic rectangle. By dividing I into 2” equal parts, we can get dyadic 
sub-rectangles of /, Ji, • • • , / 2 »i. We denote 

ma = t 4 t / uj{x)dx, i^A = I uj{xY~P'dx, 

\^\ Ja \^\ JA 


for a measurable set A C / and |A| ^ 0. Then we have 

ua = + • • • + M/jn), i^A = + ■ ■ ■ + ^hn)- 


Notice that up < 2"m/, for each i = 1, • • • ,n. Since u G A^for each i = 1, ■ ■ ■ ,n, 
we have 

1 < <K, 1 < < K, 

where iP is a positive constant which does not depend on I. Hence we obtain the 
following inequalities, for all i = 1, • • • ,n, 


7 /. '> 


= 2 "^^/ - ^ i^ij < 


T - 


T - 1 
. KP 


vj = T 


1 - 2 " 


2np'I p . p^p' 


z//. 
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We take d such that ^ = 1 — Because > 1, p > 1, we have d > 1. Finally, 

we conclude 

d j u{xY~^'dx = d\Ii\l'I^ < 2"'|Ji|z// = \I\uj = J u{xY~^'dx. 

Hence G This proves (ii). 

, , _ 1 _ 

Next, let (jj G By the dehnition of it can be easily seen that uj G 

Api ji- Hence we have by (ii) 

oj = G RDA\ 

This completes the proof of Proposition 14.21 □ 


Corollary 4.3. Let 1 < p < q < 00 , u G Let {pi}iev'R be nonnegative 

numbers. Then the following two statements are equivalent: 

(i) There is a positive constant Ci such that 




f{xYuj{x)dx 


q/p 


for all nonnegative locally integrable function f. 
(ii) There is a positive constant C 2 such that 


hr < C2 


\ q/p 

uj{x)dx I 


for all I G VTZ. 


Proof. Taking f = xi, can check that (i) implies (ii). Conversely, from uj & 
and Holder’s inequality, we get 


1 


1 

7 


Uj{x) 


PU(X} P 


dx < 


1 




< C 


for all I G VTZ, where the constant C independent of I. By combining Lemma 13.21 
and Proposition 14.21 with the above inequality, we can easily see that (ii) implies 
(i). □ 


5. A NEW PROOF OF MULTILINEAR FRACTIONAL INTEGRAL OPERATORS AND 

MAXIMAL OPERATORS 

Our goal here is to present a new proof for Theorem A. 

In fact, by verifying the proof of Theorem 12.21 we will hnd that the method we 
use is likewise appropriate for the multilinear fractional maximal operator Ma in 
Dehnition 11.21 That is to say, the conclusions of Theorem 12.21 also hold for Ma and 
and A^.^y To complete the weighted estimate for X„, we only need the 
following proposition. 
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Proposition 5.1. Let 0 < q < oo, and 0 < a < mn. If to G A^, then there exists a 
positive constant C independent of f such that 

(5.1) f \Xa{f){x)\'^Lo{x)dx < C [ [Ma{f){x)Yu{x)dx 
and 

(5.2) sup \^tj{x G M"; \Xa{f){x)\ > A) < C sup A'^a;({a; G M"; Aia{f){x) > A}). 

A>0 A>0 

Remark 5.1. When m = 1, Theorem 1 [21] is the linear result of Proposition 15.11 
Furthermore, the inequality fl5.ip has been proved by Moen in Theorem 3.1 |20j . 
which used an extrapolation theorem. Our method is entirely different from his. 

To prove Proposition 15.11 we need the following lemma. 

Lemma 5.2. 7/0 < a < mn, there exist constants B and K, depending only on a, m 
and n such that ifX>0,d>0,b>B,fis nonnegative, Q is a cube in M” such that 
^aif) < X at some point of Q and 77 = {x G Q-,Xa{f){x) > Xb, Aia{f)ix) < Xd}, 
then \E\ < K\Q\{d/b)"‘^^"^"‘~°‘\ 

Proof. Here we need to use the endpoint unweighted estimate for X^ in Lemma 7 
|14j . Lemma [5.21 is the multilinear version of Lemma 1 [21]. Since the main ideas are 
almost the same as [21], we omit the proof here. □ 

Remark 5.2. Lemma [5.21 does not hold for the dyadic maximal operator Ai'f 
We give an example in the case m = 1. 

Let 0 < a < n and 7? > 0. Let Qi = [0,1]” and Q_i = [—1, 0]"'. Set 

/(^) = ^ ^ ^a/((l, !,...,!)). 

oc 

Then 7„/(0) = ^ = +oo, and 

(5.3) |{x G Qi; Iaf{x) > 5}| > 0 for any 7 > 0. 

If a dyadic cube Q contains x G Qi, then it must be contained in [0, cxo)”. Since 
supp / C (—cxo, 0]”, we get 

■Mi{f){x) = sup [ \ f{y)\ dy = 0ioT X e Qi. 

Q3X \Q\ " JQ 

So, for each d > 0, b > B we have by fl5.3p 

(5.4) |{x G Qi]Iaf{x) > bX, Mi{f){x) < dX}\ = |{x G Qi;7„/(x) > 7A}| > 0. 
Therefore there exists no 77 > 0 such that 

|{x e Qi,U{x) > bX, Mi{f){x) < dX}\ < 77|gi|(d/fe)"/("-“), 
although A = 7o/((l, 1,..., 1)). 


Proof of Proposition 5.1 
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Proof. The following argument is essentially taken from [21]. Without loss of gen¬ 
erality, we can assume that / is nonnegative and has compact support. For given 
A > 0, in the light of Whitney decomposition (Theorem 1, [211 p. 167]), there are 
cubes {Qj} with disjoint interiors such that. 


i=i 

and for each j,Xa{f) < A at some point of AQj. Let B and K be as in Lemmaand 
let b = max(l, B). As a property of A^q weight, it is known that for any 0 < e < 1 
there exists 5 > 0, such that lAI < (5|Q| implies uj{S) < eu{Q) for any cube Q and 
its measurable subset S. Let 6 correspond to e = for u){x). Choose D so that 
S = K4P{D/b)"‘^^'^"'~A, Let d satisfy 0 < d < D and 

={xe QfMf) > Xb,MM) < Ad}. 

According to Lemma [A2| we have \Ej\ < K\AQj\{d/b)'^^^'^^~°‘^ < S\Qj\, and hence, 
we have uj{Ej) < Xb~iu){Qj). So, 

oj{{x e M";Xa(/)(x) > Xb,Ma{f){x) < Ad}) 

oo 

= G R”;X„(/)(a;) > Xb,Ma{f){x) < Xd}nQj) 

3=^ 

oo ^ 

= J2^{E,) < -b-'^uiix e M";X„(/)(x) > A}). 
i=i 


Therefore we obtain 


(5.5) 


a;({x e M”;X^(/)(a:) > A5}) < a;({x e M”; Af«(/)(T) > Ad}) 

+ V‘'a;({a;eR^X„(/)(a;)>A}). 


Because / has compact support, there exists a cube Q such that / = 0 for any x 
outside Q. For hxed x outside 3Q, let xq be the point in Q closest to x, let P be the 
smallest cube with center at x and sides parallel to Q that contains Q. Then there 
is a constant L = L{n) > 1 such that |P| < L\x — Xq\^. Moreover, 


X„(/)(a:) < 


{m\x — Xol)’' 


n / fiivddVi < 

i=l ''Q 


T \ m—ain 

—j M^{f){x). 


Hence, taking d = min{Zl, {LjrrP')'^l'^ ^}, we get 

(5.6) {x e R";X„(/)(x) > A} n {SQY C {x e R”; Wl„(/)(x) > Ad}. 
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From fl5.5p and fl5.6p . it follows that 

a;({a; e W^]Ia{f){x) > Xb}) 

< u{{x e W^-Mc.{f){x) > Ad}) + \h-^u:{{x e M";X„(/)(a:) > A} n (3g)^) 

(5.7) 1 

+ -h-^u:{{x e Mr-Xa{f){x) > A} n (3Q)) 

< 2u{{x e M”;>l,(/)(a:) > Ad}) + e 3Q; J„(/)(a:) > A}). 

(i). Let N be any positive nnmber, mnltiply both sides of (15.7p by A^“^ and 
integrate with respect to A from 0 to iV, then make a change of variables, we obtain 

rbN 


b-^ / X<i-^uj{{X^{f){x) > A})dA 


-V 


< 2 


A''-^a;({2W„(/)(a:) > Ad})dA + 




-v 


A^-^a;({I„(/)(a:) > A} n 3Q)dA 


rdN 


< 2d-'' 
Therefore 


6-" 


-few 


X'^-M{M^{f){x) > A})dA + — / A^-'a;({X«(/)(a:) > A})dA. 




r-dAf 


r" / A''-^n;({X„(/)(x) > A})dA < dd-" / A''-^u;({Ad„(/)(a:) > A})dA. 

Jo Jo 

Observe that ||/||£, 5 (^) = Q ^ l/(^)l > A})dA, 0 < g < oo. Finally, 

letting N approach oo, we dednce that 


\Xa{f){x)\'^u{x)dx < 4 


d 


[J^a{f){x)]'^Uj{x)dx. 


This shows (15.ip . 

(ii). Next we shall check fl5.2p . The techniqne is similar to (i). Let N be any 
positive nnmber, mnltiply both sides of fl5.7l) by A'', then take the snpremnm of both 
sides for 0 < A < iV and note the fact that sup(n + n) < snp u + snp v. Then making 
a change of variables, we have 


b '' snp A''a;({X„(/)(x) > A}) 

0<\<bN 




< 2d ^ sup A^a;({A4Q,(/)(a;) > A}) H-sup A''a;({XQ,(/)(a;) > A} fl 3g) 

0<X<dN 2 0<A<Af 

< 2d-'' sup A''a;({A4„(/)(x) > A}) + ^ sup A''a;({X„(/)(a:) > A}). 

0<X<dN ^ 0<X<bN 


Thus 


b '' sup A''a;({XQ,(/)(x) > A}) < 4d '' sup A^ci;({A4a(/)(x) > A}). 

0<X<bN 0<X<dN 
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Now letting N tend to oo, we obtain 

sup X^ijj{{x G M”; \Xa{f){x)\ > A}) < 4 sup A'^a;({x G M"'; A4q,(/)(x) > A}). 

A>o \dJ A>0 

This shows fl5.2p . So far, we have finished the proof of Proposition 15.11 □ 
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